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APPROXIMATIONS OF INJECTIVE MODULES AND
FINITISTIC DIMENSION
F. HUARD AND D. SMITH
Abstract. Let Λ be an artin algebra and let P<∞
Λ
the category of finitely
generated right Λ-modules of finite projective dimension. We show that P<∞
Λ
is contravariantly finite in modΛ if and only if the direct sum E of the inde-
composable Ext-injective modules in P<∞
Λ
form a tilting module in modΛ.
Moreover, we show that in this case E coincides with the direct sum of the
minimal right P<∞
Λ
-approximations of the indecomposable Λ-injective mod-
ules and that the projective dimension of E equal to the finitistic dimension
of Λ.
Given an artin algebra Λ, we let P<∞Λ denote the class of all finitely gener-
ated right Λ-modules of finite projective dimension. The finitistic dimension of Λ,
fin.dim.Λ, is then defined to be the supremum of the projective dimensions of the
modules in P<∞Λ .
It is still an open question whether fin.dim.Λ is always finite. However, when
P<∞
Λ
is contravariantly finite, it was shown by Auslander and Reiten that fin.dim.Λ
is finite. They showed in [2] that under this hypothesis, the finitistic dimension of
Λ is equal to the maximum of the projective dimensions of the minimal right P<∞
Λ
-
approximations of the simple Λ-modules. In this note, we show that this result
remains valid when simples are replaced by indecomposable injectives. Moreover,
and it is crucial to our proof, the direct sum of these P<∞
Λ
-approximations of
indecomposable injectives turns out to be a tilting module. This is not true in
general for the P<∞Λ -approximations of the simple Λ-modules.
Conversely, by using results from [1, 3], we show that if the direct sum E of the
indecomposable Ext-injective modules in P<∞Λ form a tilting module, then P
<∞
Λ
is contravariantly finite and E coincides with the direct sum of the minimal right
P<∞
Λ
-approximations of the indecomposable Λ-injective modules. This comple-
ments the results of [4] that were obtained for contravariantly finite and resolving
subcategories of P≤nΛ , that is the category of all finitely generated right Λ-modules
of projective dimension at most n, with n ∈ N.
Let ModΛ denote the category of all right Λ-modules and modΛ be the category
of finitely generated right Λ-modules. Let X be a subcategory of modΛ. By a right
X -approximation of a module M ∈ modΛ, we mean a morphism fM : XM → M ,
with XM ∈ X , such that any morphism f : X → M , with X ∈ X , factors through
fM . We say that X is contravariantly finite if each M ∈ modΛ admits a right
X -approximation.
A module X ∈ X is Ext-injective in addX (the class of finite direct sums of
direct summands of modules in X ) if Ext1Λ(−, X) |X= 0, and splitting injective in
X if each injective morphism X → Y with Y in addX splits. We denote by I0(X )
the class of all indecomposable splitting injectives in X . The following is easy.
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Lemma 1. Let X be a subcategory of modΛ closed under extensions and cokernels
of injections and let X ∈ X . Then X is a splitting injective in X if and only if X
is Ext-injective in addX .
The following proposition is a particular case of [3, Proposition 3.6].
Proposition 2. Suppose that P<∞Λ is contravariantly finite. Let I1, I2, . . . , In be a
complete set of non-isomorphic indecomposable injective Λ-modules, and, for each
j = 1, 2, . . . , n, let fj : Aj → Ij be the unique right minimal P
<∞
Λ -approximations.
Then
I0(P
<∞
Λ ) = ∪
n
j=1indAj .
where indAj denotes the set of indecomposable direct summands of Aj .
Combining this proposition with the lemma, we get:
Corollary 3. If P<∞Λ is contravariantly finite, then the indecomposable direct sum-
mands of the unique right minimal P<∞
Λ
-approximations of the indecomposable in-
jective A-modules coincide with the indecomposable Ext-injective modules in P<∞Λ .
For a subcategory X of modΛ, we let
X⊥ = {M ∈ ModΛ | ExtiΛ(−,M) |X= 0, for all i > 0}.
In particular, the shifting lemma gives
(P<∞Λ )
⊥ = {M ∈ ModΛ | Ext1Λ(−,M) |P<∞
Λ
= 0}.
The following result is the dual of [2, Theorem 5.5 (b)]; see also [5, Theorem 2.1].
Recall that a subcategory X of modΛ is said to be resolving if it contains the
projective Λ-modules and it is closed for extensions and kernels of surjections.
Proposition 4. The map X 7−→ X∩X⊥ gives a one-to-one correspondence between
contravariantly finite resolving subcategories X of P<∞
Λ
and equivalence classes of
tilting Λ-modules in modΛ.
In the above proposition, a tilting module is an object T in modΛ such that
(i) The projective dimension of T is finite;
(ii) T ∈ T⊥;
(iii) there exists a long exact sequence 0 → ΛΛ → T
0 → · · · → T n → 0, with
T i ∈ addT for all i = 0, 1, . . . , n,
and two tilting modules T ′ and T ′ are called equivalent if addT = addT ′.
Corollary 5. If P<∞Λ is contravariantly finite, then the indecomposable Ext-
injectives in P<∞
Λ
form a finitely generated tilting Λ-module.
Proof. Indeed, we have
(P<∞Λ ) ∩ (P
<∞
Λ )
⊥ = {M ∈ P<∞Λ | Ext
i
Λ(−,M) |P<∞
Λ
= 0, for all i > 0}
= {M ∈ P<∞
Λ
| Ext1Λ(−,M) |P<∞
Λ
= 0}
= {Ext-injectives in P<∞
Λ
}.

We also need the following results from [1]. In what follows, AddX denotes the
class of direct summands of arbitrary direct sums of objects of X .
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Lemma 6. [1, Lemma 1.7] Let T be a tilting module. Then for each M in T⊥
there exists a short exact sequence 0 //K0 //T0 //M //0 , where T0 is
in Add T and K0 is in T
⊥.
Theorem 7. [1, Theorems 2.6 and 4.2] Let Λ be an artin algebra. The following
conditions are equivalent:
(a) P<∞Λ is contravariantly finite in modΛ;
(b) there is a finitely presented tilting module T such that T⊥ = (P<∞Λ )
⊥.
Moreover, in this case, the finitistic dimension of Λ is equal to the projective di-
mension of T .
We can now show our main result.
Theorem 8. Let Λ be an artin algebra. The following conditions are equivalent:
(a) P<∞
Λ
is contravariantly finite in modΛ;
(b) the direct sum E of the indecomposable Ext-injective modules in P<∞Λ form
a tilting Λ-module.
Moreover, in this case, E is the direct sum of the isoclasses of minimal right P<∞Λ -
approximations of the indecomposable Λ-injectives modules, and the finitistic di-
mension of Λ is equal to the projective dimension of E.
Proof. First, (a) implies (b) by Corollary 5. Thus, assume that the direct sum E
of the Ext-injective modules in P<∞
Λ
forms a tilting Λ-module. We will show that
E⊥ = (P<∞
Λ
)⊥.
Since E ∈ P<∞
Λ
, we have (P<∞
Λ
)⊥ ⊆ E⊥. Conversely, assume that M ∈ E⊥.
We need to show that ExtiΛ(N,M) = 0 for all N ∈ P
<∞
Λ and all i > 0. So let
N ∈ P<∞
Λ
be of projective dimension n.
Since E is a tilting module and M ∈ E⊥, it follows from Lemma 6 that there
exists a short exact sequence
0 //K0 //E0 //M //0 ,
where E0 ∈ AddE and K0 ∈ E
⊥. Inductively, we get an exact sequence
0 //Kn−1 //En−1
fn−1
// · · · //E1
f1
//E0
f0
//M //0 ,
where Ei ∈ AddE and Ki = Ker fi lies in E
⊥ for all i > 0.
By Corollary 3 and [1, Lemma 1.5], each Ei is in (P
<∞
Λ )
⊥. Therefore, applying
the functor HomΛ(N,−) to each sequence
0 //Ki //Ei
fi
//Ki−1 //0 ,
(where K−1 = M) yields, for each j > 0, an isomorphism
ExtjΛ(N,Ki−1)
∼= Ext
j+1
Λ (N,Ki).
Therefore,
ExtjΛ(N,M)
∼= Ext
j+1
Λ (N,K0)
∼= · · · ∼= Ext
j+n
Λ (N,Kn−1) = 0
for all j > 0 because pdN = n. Hence M ∈ (P<∞Λ )
⊥. Therefore E⊥ = (P<∞Λ )
⊥ as
claimed, and P<∞Λ is contravariantly finite by Theorem 7. Thus (b) implies (a).
Finally, E is the direct sum of the isoclasses of minimal right P<∞
Λ
-
approximations of the indecomposable Λ-injectives modules by Corollary 3 and
fin.dim.Λ = pdE by Theorem 7. 
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